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Abstract

A model was developed to study the evaporation of a solution droplet surrounded by a porous crust in a stagnant rf Ar–O2 thermal
plasma under reduced pressure. This model considered a three phase system: a liquid core of dissolved Ce(NO3)3 � 6H2O in water, a por-
ous crust of homogeneously precipitated spherical crystals of equal size containing water vapor, and an Ar–O2 plasma under reduced
pressure. The model was solved considering a receding solution/crust interface in an ALE frame using temperature and composition
dependant thermophysical properties. Darcy flow with a Knudsen correction to account for the gaseous flow through a porous media
composed of nano-sized crystals was employed. The strength of the solid/liquid interface was calculated by computing the strength of
liquid bridges formed at this interface. This value was compared to the pressure build-up caused by solvent evaporation and the point of
crust breakage was determined at different operating conditions. The effects of plasma gas temperature, pressure and composition, drop-
let size, size of precipitated crystals and crust porosity on crust bursting were studied. The results showed that crust bursting occurred for
all the conditions analyzed and that plasma temperature, droplet size and the size of the precipitated crystals had a significant effect on
pressure build-up.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The manufacturing of ceramic powders from liquid pre-
cursors using radio frequency (rf) thermal plasmas has
been developed in the past 10 years [1–5]. This technique
consists of the evaporation and calcination of atomized
solution droplets injected axially to the plasma core usually
under reduced pressure. The solution is atomized by a
liquid blast atomizer that provides a log-normal droplet
size distribution centered around 20–30 lm in diameter.
The droplets usually contain a non-volatile salt (nitrates,
acetates, chlorides, etc.) dissolved in water or any other
suitable solvent. The hot plasma environment provides
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the driving force for evaporation and calcination of the
salt, resulting in the production of high-purity oxide parti-
cles. Thus, oxygen-rich plasmas are often employed. The
use of liquid precursors encompasses applications such as
production of ceramic materials for solid oxide fuel cells
(SOFC) (perovskites, Y2O3, CeO2, NiO, etc.) [6,7] and
thermal barrier coatings (ZrO2) [8]. It has been found in
previous studies [7,9] that this technique can produce cera-
mic particles of known and controlled stochiometry. How-
ever these particles varied greatly in size from few
nanometers to micron sizes, suggesting that more than
one droplet-to-particle conversion mechanism was
possible.

The production of ceramic powders in thermal plasmas
from liquid precursors is similar to the well known spray
pyrolysis technique [10], but the operating temperatures
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Nomenclature

C convective velocity (relative velocity between the
material V and mesh velocity W), [m/s]

Ci concentration of electrolyte i, [mol/L]
Cp heat capacity, [J/kg K]
D12 diffusion coefficient based on molecular concen-

tration [m2/s]
F Faraday constant
Fcs capillary and surface force, [N]
h enthalpy, [J/kg]
K crust permeability, [m2]
Kn Knudsen number, Kn = k/2Rsp

k thermal conductivity, [W/m K]
m molality of the solute, [mol/kg solvent]
_m mass flow rate at the droplet surface due to

vaporization, [kg/m2 s]
M molecular weight, [kg/kg mol]
Mav average gas molecular weight, [kg/kg mol]
P pressure, [Pa]
Pmax maximum droplet pressure, [Pa]
Pin droplet pressure, [Pa]
Pout pressure at the crust/gas interface, [Pa]
Pi partial pressure of i, [Pa]
Ps saturation pressure of water, [Pa]
Pm mean pressure difference across the crust, [Pa]
Q source/sink term, [J/m3 s]
r radial distance, [m]
RL(t) radius of the droplet (function of time), [m]
RC inner crust radius, [m]
Rg universal gas constant, [J/kmol K]
Rsp radius of precipitated crystals in porous crust,

[m]
RL

�
change of droplet radius with respect to time,
[m/s]

T temperature, [K]
Td dimensionless temperature
t time, [s]
tch ‘‘thickness” of the liquid bridges, [m]
Tr reference temperature, [K]
U radial Darcian velocity, [m/s]
V radial material velocity, [m/s]
Vm molar volume of liquid phase, [m3/mol]
Wi mass fraction of i in liquid
W s

i mass fraction of i in liquid at saturation (con-
stant over the range of temperature studied)

xi mol fraction of i in liquid
Yi mass fraction of i in gas
zi mol fraction of i in gas

Greek symbols

b half filled angle
e porosity
c± mean ionic activity coefficient of the solute
k mean free path, [m]
k0
þ, k0

� limiting (zero concentration) ionic conduc-
tances, [(A/cm2)(V/cm)(mol/cm3)]

lC gas viscosity in crust, [kg/m s]
lG gas viscosity in gas phase, [kg/m s]
l1 water viscosity in the droplet, [kg/m s]
qL density of liquid solution, [kg/m3]
qC density of gas in crust, [kg/m3]
qG density of gas in gas phase, [kg/m3]
rLG surface tension, [N/m]
ri coefficient characteristic of each ion
ry crust yield stress, [N/m2]
t+, t� valences of cation and anion, respectively
h wetting angle
W mesh velocity, [m/s]

Subscripts

1 component 1 (either in the solution or the gas
phase)

2 component 2 (either in the solution or the gas
phase)

Ar argon
d dimensionless
C crust domain
G plasma gas domain
i i-component
L solution droplet domain
0 initial value
O2 oxygen
s anhydrous salt
w water
v referential domain or moving mesh
1 conditions at infinity (far away from the droplet)

Superscript

s saturated condition
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are higher, the droplets are often in the low micro size
range (<50 lm) and the reactor chamber is operated under
vacuum. As a result, the thermal plasma treatment is a
more ‘‘rapid” version of spray pyrolysis, since the condi-
tions for solvent evaporation are enhanced. Previous theo-
retical and experimental work, including our own studies
[11], has shown that solution droplets containing non-vol-
atile solutes tend to form a thin crust surrounding the evap-
orating droplet.

The crust is formed because the non-volatile salt precip-
itates out of solution, primarily at the droplet surface. A
fast evaporation rate removes solvent from the droplet sur-
face more quickly than it can be replenished by mass diffu-
sion, resulting in the formation of a crust [12]. Having a
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Fig. 1. Mechanism of droplet to particle conversion considering crust shattering.
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Fig. 2. Cross section of an evaporating droplet showing the inner liquid
core, the homogeneously precipitated spherical crystals particles of a given
size comprising the crust and the surrounding plasma gas.
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crust around an evaporating liquid core retards the rate at
which inner solvent escapes from the droplet [13], because
the solvent must travel through a porous phase. This leads
to an increase of the solvent vapor pressure that causes
fracturing and/or bursting of the crust. As a consequence,
after calcination takes place, solid particles of different sizes
are formed (Fig. 1). A recent study by Ozturk [14] has
shown that solid and hollow particles of ZrO2 can be pro-
duced using thermal plasmas from zirconium acetate
depending on the plasma operating conditions.

Even though pressure build-up inside the crust as a
result of solvent evaporation is widely accepted as the main
cause of crust bursting, few papers discuss this issue in
detail [13,15]. The shattering of the crust is often related
to the degree of superheating of the solution inside the
crust and whether the liquid has reached its boiling point.
This type of analysis provides little insight of the actual
‘‘forces” that prevent the crust from bursting. Therefore,
an analysis of these forces acting at the receding crust/
droplet interface will give a more realistic picture of when
the crust will burst due to pressure build up.

Three different phases co-exist at the droplet/crust inter-
face, i.e. a liquid solution wetting a solid crust and a gas-
eous evaporating solvent. The solution forms liquid
bridges in the form of menisci that connect the newly pre-
cipitated solid particles along this interface. The forces
present in these bridges are surface tension and a negative
capillary pressure as a result of the solid particle curva-
tures. These two forces are commonly combined and
termed capillary forces. The detailed description of menis-
cus properties and the capillary force for pendular liquid
rings has been extensively investigated [16–18]. However,
the connection of these forces to the problem of evaporat-
ing solution droplets with a surrounding crust has not been
made to the authors’ knowledge. Also, as a result of the
small droplet size (20–30 lm in diameter), the precipitated
particles forming the crust are likely to be in the nanometer
range (i.e. the size of single precipitated crystals). Hence,
the flow of evaporating solvent through porous media lies
within the transient flow regime (0.1 < Kn < 10), between a
continuum flow and a free molecular flow. This effect was
considered in this work and it was adapted from the work
of Tang [19].

In this paper, the effect of temperature, pressure, gas
composition, crust porosity, size of precipitated crystals
and initial droplet size (including crust and inner liquid
core) were examined under thermal plasma conditions. The
droplets contained a hexahydrated salt, Ce(NO3)3 � 6H2O,
dissolved in water, surrounded by a porous crust contain-
ing water vapor. The mass and thermal histories inside
the droplet and throughout the crust were studied. The
droplet/crust interface was allowed to recede in time as
water was continuously being evaporated. Darcy flow with
a Knudsen correction was used for the crust section.

The purpose of this study is to derive understanding of
how plasma conditions affect droplet and crust mass and
thermal histories and to predict the onset of crust shatter-
ing under typical rf thermal plasma operating conditions.
2. Model development

The physical model studied was the transient evapora-
tion of a solution droplet approximately 30 lm in diameter
surrounded by a porous crust (Fig. 2). The droplet and its
crust are immersed in a mixture of stagnant argon–oxygen
rf plasma. The solution droplet was a hexahydrated salt,
Ce(NO3)3 � 6H2O, dissolved in water and all water of
hydration is assumed to be released and to be part of the
total droplet water content. The anhydrous salt was consid-
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ered to remain largely in molecular form (i.e. as Ce(NO3)3)
as a result of a large salt content in the droplet but when-
ever possible solution properties were calculated assuming
dissociation of the nitrate and the cerium ions. The droplet
has reached the point of saturation at the droplet/crust
interface.

The porous crust is assumed to be rigid and in the shape
of a spherical shell with a receding droplet/crust interface.
Water vapor is formed at the liquid/crust interface and it
then escapes through the porous shell, which is composed
of homogeneously nucleated spherical crystals a few nano-
meters in diameter. These nucleated crystals are assumed to
be of uniform size and provide the crust with a character-
istic porosity. This porosity is maintained across the whole
thickness of the crust. Capillary and surface tension forces
prevent crust from bursting through the formation of
liquid bridges between the spherical crystals.

Radiation and second order effects, such as Soret and
Dufor effects, were assumed to be negligible. Spherical
symmetry reduced the problem to a transient, three phase
process of one dimensional nature. The only fluid motion
present was a radial flow field through the crust and into
the gas phase induced by water vaporization. Darcy flow
is assumed in the crust with a non-continuum correction
factor as the Knudsen number falls within the transition
regime (0.1 < Kn < 10). Radial flow inside the droplet was
neglected on the basis of the large density difference
between the solution droplet and the gas. Viscous dissipa-
tion effects were neglected. Finally, the surrounding plasma
gas (argon/oxygen) obeyed the ideal gas law.

Under these conditions the physics of the problem are as
follows: solvent (i.e. water) evaporates from the solution
droplet which causes droplet shrinkage and crust growth.
The salt diffuses toward the centre of the droplet and a tem-
perature profile is developed in the droplet. The water
vapor escapes through the porous crust and mixes with
the surrounding plasma gas. A temperature profile also
develops in the crust. The crust opposes solvent flow and
allows heat transfer from the surrounding gas into the
droplet. This process continues while pressure builds up
at the droplet/crust interface as a result of increasing tem-
perature and crust obstruction to flow. This increasing
pressure exerts a stress along the droplet/crust interface
that is counterbalanced by capillary and surface forces.
When this stress exceeds the magnitude of the counterbal-
ancing forces, the crust bursts.

It is then hypothesized that the resulting fragments, i.e.
smaller droplets and crust pieces undergo thermolysis and
the Ce(NO3)3 salt is transformed into CeO2 particles.
Consequently a multi-modal particle size distribution is
expected (Fig. 1, IV).

This model was solved using the Arbitrary-Lagrangian–
Eulerian (ALE) method which has been successfully
employed with moving boundary problems [20]. A
deformed mesh can be used when the boundaries of the
computational domain deform in time as a result of the
physics of the problem, in this case, the evaporation of
the solution droplet. Therefore, a new mesh is not needed
at each time step; instead the mesh nodes are perturbed
so that they conform to the moving boundaries [21]. In this
way, computational time can be saved without losing reso-
lution in the solution.
2.1. Liquid governing equations

For the liquid phase, r < RL(t), (1) refers to the water
and (2) refers to the anhydrous salt (i.e. Ce(NO3)3)
species equation

o

ot
ðr2qLW 1Þ

����
v

þ o

or
�r2qLDL

oW 1

or

� �
¼ 0 ð1Þ

energy equation including Steffan diffusion in the (h1 � h2

term)

o

ot
ðr2qLCpL

T Þ
����
v

þ o

or
�r2kL

oT
or
� r2qLDL

oW 1

or
h1�h2ð Þ

� �
¼ 0

ð2Þ
2.2. Shell governing equations

For the porous crust, RL(t) < r < RC, (1) refers to the
water and (2) refers to the plasma gas argon–oxygen mix-
ture. The convective velocity is defined as C = V � w.
Species equation

o

ot
ðr2eqCY 1Þ

����
v

þ o

or
�r2qCDC

oY 1

or
þ r2qCY 1C

� �
¼ 0 ð3Þ

energy equation including Steffan diffusion in the (h1 � h2

term)

o

ot
ðr2qCCpC

T Þ
����
v

þ o

or
�r2kC

oT
or
� r2qCDC

oY 1

or
ðh1 � h2Þ þ r2qCCpC

TC
� �

¼ 0

ð4Þ

Darcy equation

U ¼ � K
lC

oP
or

ð5Þ

Darcian velocity U is related to V by U = eV
Continuity equation

o

ot
ðr2eqCÞ

����
v

þ o

or
ðr2qCUÞ ¼ 0 ð6Þ

which can be also expressed as (combining Eqs. (5) and (6))

o

ot
ðr2eqCÞ

����
v

þ o

or
r2qC �

K
lC

oP
or

� �� �
¼ 0 ð7Þ



Table 1
Thermophysical properties

Property Method Mixing rule

Liquid properties

Density [kg/m3] Ideal mixing qL ¼ aW 1 þ bW 2; a ¼ 1000; b ¼ 1600a

Specific heat [J/kg�1 K�1] Ideal mixing Cp1
¼ aþ bT þ cT 2 þ dT 3, a ¼ 8:958� 103, b ¼ �4:053� 101,

c ¼ 1:124� 10�1, d ¼ �1:014� 10�4 [26]
Cp2
¼ 358:06 [27]

CpL
¼ Cp1

W 1 þ Cp2
W 2

Thermal conductivity [W/m K] Riedel for aqueous solutions [27] k1ðT rÞ ¼ aþ bT þ cT 2; a ¼ �3:838� 10�1, b ¼ 5:254� 10�3,
c ¼ �6:369� 10�6

kLðT rÞ ¼ k1ðT rÞ þ RriCi; rðNO�3 Þ ¼ �6:978� 10�5rðCe4þÞ ¼ �43:61� 10�5

kLðT Þ ¼ kLðT rÞ � k1ðT Þ=k1ðT rÞ
Binary diffusion coefficient [m2/s] Nerst–Haskell equation and

Gordon approach for concentrated
solutions [27]

Do
12 ¼ RgT=F 2 � ð1=tþ þ 1=t�Þ=ð1=k0

þ þ 1=k0
�Þ=1� 104;

D12ðT rÞ ¼ Do
12ðgs=gÞðqs V sÞ � ð1þ mo ln c�=omÞc

D12ðT Þ ¼ D12ðT rÞðT=T rÞl1ðT rÞ=l1ðT Þ

o ln c�=om [29]b

Water viscosity [kg/m s] M1 ¼ aþ bT þ cT 2 þ dT 3; a ¼ �2:471� 101, b ¼ 4:209� 103,
c ¼ 4:527� 10�2, d ¼ �3:376� 10�5 [28]

Enthalpy of water [J/kg] h1 ¼ aþ bT þ cT 2 þ dT 3; a ¼ �2:248� 106, b ¼ 1:297� 104,
c ¼ �2:291� 101, d ¼ 1:962� 10�2

Enthalpy of CeðNO3Þ3 salt [J/kg] H 2 ¼ ho
2 þ Cp2

ðT � T rÞ

Gas properties

Density [kg m�3] Ideal gas qG ¼ PMav=RgT
Specific heat [J kg�1 K�1] Ideal mixing Cp1

¼ aþ bT þ cT 2 þ dT 3 þ eT 4, a ¼ 1:652� 103, b ¼ 1:295� 10�1,
c ¼ 1:850� 10�3, d ¼ �1:959� 10�6,
e ¼ 6:384� 10�10 [30]
Cpox
¼ aþ bT þ cT 2 þ dT 3, a ¼ 8:958� 103, b ¼ �4:053� 101,

c ¼ 1:124� 10�1, d ¼ �1:014� 10�4

Cpar
¼ 520:4 [31]

Cp2
¼ Y ArMAr þ Y O2

MO2

CpG
¼ Cp1

Y 1 þ Cp2
M2

Thermal conductivity [W m�1 K�1] Wassiljewa equation with the
Mason and Saxena modification
[27]

k1 ¼ aþ bT þ cT 2 þ dT 3 þ eT 4 þ fT 5; a ¼ �1:134� 10�2,
b ¼ 2:402� 10�4, c ¼ �6:519� 10�7, d ¼ 9:231� 10�10,
e ¼ �5:506� 10�13, f ¼ 9:944� 10�17,
kar ¼ aþ bT ; a ¼ 1:944� 10�2, b ¼ 2:464� 10�5,
kox ¼ aþ bT þ cT 2 þ dT 3; a ¼ �1:197� 10�2, b ¼ 1:342� 10�4,
c ¼ �6:456� 10�8, d ¼ 1:782� 10�11

kG ¼ z1k1=ðz1 þ z2U12Þ þ z2k2=ðz2 þ z1U21Þe
Viscosity [kg m�1 s�1] Wassiljewa equation with the

Mason and Saxena modification
[27]

M1 ¼ aþ bT þ cT 2 þ dT 3; a ¼ �5:424� 10�6,
b ¼ 4:855� 10�8; c ¼ �5:722� 10�12, d ¼ �2:946� 10�16

lar ¼ aþ bT ; a ¼ 2:975� 10�5, b ¼ 2:893� 10�8

lox ¼ aþ bT ; a ¼ 2:326� 10�5, b ¼ 2:799� 10�8

lG ¼ z1l1=ðz1 þ z2U12Þ þ z2l2=ðz2 þ z1U21Þ,
U12 ¼ ½1þ ðl1=l1Þ1=2 ðM2=M1Þ1=4�2=½8ð1þ ðM1=M2ÞÞ�1=2,
U21 ¼ U12ðl2=l1ÞðM1=M2Þd

Binary diffusion coefficient [m2 s�1] Lennard–Jones [32] D12 ¼ 1:8585� 10�7 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðT 3ð1=M1 þ 1=M2ÞÞ

q
� 1=ðPr2

12X12Þf

Enthalpy of water [J/kg] h1 ¼ aþ bT þ cT 2 þ dT 3 þ eT 4; a ¼ 3:443� 106, b ¼ �4:374� 103,
c ¼ 8:618; d ¼ �4:515� 10�2, e ¼ 8:496� 10�7

Enthalpy of plasma gas [J/kg] har ¼ aþ bT ; a ¼ �1:551� 10�1, b ¼ 5:203� 10�4,
hox ¼ aþ bT þ cT 2; a ¼ �2:849� 10�1, b ¼ 9:213� 10�4,
c ¼ 7:478� 10�8,
h2 ¼ hArY Ar þ hO2

Y O2
,

Molecular weights [kg/kgmol] M2 ¼ zArMAr þ zO2
MO2

; Mav ¼ z1M1 þ z2M2

Crust properties

Density [kg m�3] Ideal gas qC ¼ PMav=RgT
Specific heat [J kg�1 K�1] Ideal mixing CpG

¼ Cp1
Y 1 þ Cp2

M2 (calculated as in the gas phase); Cps
¼ aþ bT ;

a ¼ 364:3; b ¼ 0:061g [33]
CpC
¼ CpG

� eþ Cps
� ð1� eÞ

Thermal conductivity [W m�1 K�1] Kaviany [34] kG ¼ z1k1=ðz1 þ z2U12Þ þ z2k2=ðz2 þ z1U21Þ (calculated as in the gas phase);
ks ¼ 0:5 W/m Kh

kC ¼ kG � ðks=kGÞ^ð0:280� 0:757 � logðeÞ � 0:057P � logðks=kGÞÞ
Viscosity [kg m�1 s�1] lG ¼ lC (calculated as in the gas phase)
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Table 1 (continued)

Property Method Mixing rule

Binary diffusion coefficient [m2 s�1] Kaviany [34] D12G ¼ D12C (calculated as in the gas phase)
DC ¼ D12C � 2 � e � ð1� Y iÞ=ð3� eÞ

Permeability [m2] Tang et al. [19] k ¼ ðlC � p � Rg � T=2 � P m � MavÞ0:5; Kn ¼ k=2 � Rsp;
K ¼ R2

sp � ð1þ 8 � C1 � Knþ 16 � C2 � Kn2Þ=8; C1 ¼ 1:1466;C2 ¼ 0:14
Enthalpy of water [J/kg] h1G ¼ h1C (calculated as in the gas phase)
Enthalpy of plasma gas [J/kg] h2G ¼ h2C (calculated as in the gas phase)
Molecular weights [kg/kg mol] M2 ¼ zarMar þ zoxMox; Mav ¼ z1M1 þ z2M2

Enthalpy of vaporization [J/kg] h1C � h1L

For the liquid, the subindex 1 refers to water and 2 to the anhydrous salt. For the gas and crust, 1 refers to water vapor and 2 for the mixture of argon and
oxygen plasma gas.

a Experimental values.
b The values of Ce4+ were approximated from curve fitting values of Gd3+ and Sm3+.
c The product of these ratios are (gs/gÞðqsVsÞ 	 1.
d To obtain l2 the same mixing rule was applied but 1 and 2 are argon and oxygen, respectively.
e The same formulae are used to calculate U12 and U21 for the thermal conductivity as for viscosity.
f Since argon and oxygen had similar Lennard–Jones potentials, only the values of oxygen are considered which allows the calculation of multicom-

ponent diffusion coefficients. Only, in this case 2 refers to oxygen.
g The heat capacity of CeO2 is assumed to be the heat capacity of the solid part composing the porous crust.
h The thermal conductivity of CeO2–ZrO2 plasma sprayed layers (University of Sherbrooke personal communication) was used as the thermal con-

ductivity of the porous layer.

Rsp
β

Fcs

Solution of Ce(NO3)3 + H2O

Precipitated Ce(NO3)3 particles

Pin

Rsp
β

Fcs

Solution of Ce(NO3)3 + H2O

Precipitated Ce(NO3)3 particles

Pin

Fig. 3. Sketch showing the liquid bridges and the forces present. The
bridges are formed between precipitated spherical crystals at the liquid
crust interface.
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2.3. Gas governing equations

For the gas phase, r > RC, (1) refers to the water and (2)
refers to the plasma gas argon–oxygen mixture.
Continuity equation

r2 oqG

ot
þ qG r2 oV

or
þ 2rV

� �
þ r2V

oqG

or
¼ 0 ð8Þ

Species equation

o

ot
ðr2qGY 1Þ þ

o

or
�r2qGDG

oY 1

or
þ r2qGY 1V

� �
¼ 0 ð9Þ
Table 2
Summary of simulation parameters

No. Plasma
temperature (T1)
[K]

Initial droplet size
diameter [lm]

Gas pressure
(P1) [atm]

Shell
porosity

1 600 30 0.3 0.4
2 700 40 0.4 0.5

3 800 50 0.5 0.6
Energy equation

o

ot
ðr2qGCpG

T Þ

þ o

or
�r2kG

oT
or
� r2qGDG

oY 1

or
h1�h2ð Þþ r2qGCpG

TV
� �

¼Q

Q¼�r2P
oV
or

� �
ð10Þ

Momentum equation

o

ot
ðr2qGV Þ¼ o

or
r2 2l

oV
or
�P

� �� �
þ r2 F �qV

oV
or
�2 2lV =r�Pð Þ

r

� �

F ¼� o

or
2

3
l

oV
or

� �� �
ð11Þ
2.4. Boundary conditions

At droplet center

oW i

or
¼ oT

or
¼ 0 ð12Þ

At liquid/crust interface

W i ¼ W si ð13Þ
(e)
Radius of precipitated
crystals (Rsp) [nm]

Plasma gas composition (Ar/O2)
mol fraction (ZAr/ZO2)

10 0.2/0.8
20 0.3/0.7

30 0.4/0.6
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Overall mass

m
� ¼ qCðV � RL

�
ÞC ¼ qL 0� RL

�� 	
L

ð14Þ

Species balance

ðniC � RL

�
qCÞC ¼ ðniL � RL

�
qLÞL

niC ¼ �qCDC
oY i

or
þ qCY iC; niL ¼ �qLDL

oW i

or
ð15Þ

Energy balance

eL ¼ �kL

oT
or
� qLDL

oW 1

or
ðh1 � h2Þ

eC ¼ �kC

oT
or
� qCDC

oY 1

or
ðh1 � h2Þ þ qCCpC

TV

eC � RL

� Xn

i¼1

qCY ihiC

 !
C

¼ eL � RL

� Xn

i¼1

qLW ihiL

 !
L

ð16Þ

Kelvin’s equation

ln
P i

P s

� �
¼ � 2rLG cos h

Rsp

� �
V m

RgT

� �
; P i ¼ Y iqC

RT
Mi

ð17Þ

At crust/gas interface

Y ijC ¼ Y ijL; T jC ¼ T jL; V jC ¼ V jL; P jC ¼ P ijL ð18Þ

At infinity r ?1

Y i ¼ 0; T ¼ T1; V ¼ 0;
oP
or
¼ 0 ð19Þ
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Fig. 4. Evaporation rate of the solution droplet before and after crust formation
droplets, ZAr ¼ 0:3=ZO2

¼ 0:7, e = 0.5, Rsp = 20 nm).
2.5. Initial conditions

Overall mass conservation

�qL RL

�
jRL
¼ m
� þ

Z RðtÞ

0

r
RL

� �2
oqL

ot
dr ð20Þ

In the liquid phase

W i ¼ W io; T ¼ T Lo ð21Þ

In the porous phase

Y i ¼ 0; T ¼ T Lo; V ¼ 0; P ¼ Po ð22Þ

In the gas phase

Y i ¼ 0; T ¼ T Go; V ¼ 0; P ¼ Po ð23Þ
2.6. Thermophysical properties

A more accurate formulation of the problem can be
derived taking into account temperature and concentration
dependence of the species in the liquid, crust and gas
domains (Table 1).
2.7. Maximum pressure at droplet core

The maximum pressure that the evaporating solvent can
exert on the crust before the crust shatters is given by the
following equation [22]
2.5 3.0 3.5 4.0 4.5

e [ms]

at 600K

at 700K

at two different plasma gas temperatures (P = 0.3 atm for 40 lm diameter
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DP ¼ P max � P out ¼
2�r�tch

RLðtÞ
ð24Þ

This equation treats the evaporating droplet as if the core
was a pressurized liquid kept within a rigid spherical shell
of radius equal to the radius of the droplet; similar to a
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Fig. 5. Temperature profile in the droplet and crust (a) and mass fraction pro
1 � 10�4 and 1 � 10�3 s (P = 0.3 atm for 40 lm diameter droplets, ZAr ¼ 0:3=
pressurized spherical vessel of a given ‘‘wall thickness”

(Fig. 3).
The DP is the difference between the inner core pressure

and the pressure at the crust/gas interface. The liquid
bridges formed between the precipitated particles at the
droplet/crust interface act as a ‘‘wall” of thickness equal
15 20 25

 radial location [μm]

1e-4 s, Tinf=600 K

1e-3 s, Tinf=600 K

1e-4 s, Tinf=700 K

1e-3 s, Tinf=700 K

1e-4 s, Tinf=800 K

1e-3 s, Tinf=800 K

Crust boundary

50 0.60 0.70 0.80 0.90 1.00

 droplet location (r/RL)

Increasing temperature (600 
K < T < 800 K)

file in the droplet (b) as a function of radial distance and temperature at
ZO2
¼ 0:7, e = 0.5, Rsp = 20 nm).
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to tch = 2Rspsin (b). This fictitious wall has a maximum
yield stress (ry) that is equal to the ratio of the both the
capillary and surface forces (Fch) to the projected area over
which these forces act on, as follows:

ry ¼
F ch

pðRsp sinðbÞÞ2
ð25Þ
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Fig. 6. Evolution of droplet diameter (a) and pressure build-up (b) as a function
droplets, ZAr ¼ 0:3=ZO2

¼ 0:7, e = 0.5, Rsp = 20 nm).
The combined effect of capillary and surface forces was
estimated using the method described by Willet [23], who
calculated these forces for two spherical bodies connected
by liquid bridges. It was assumed that the crust will burst
when the pressure within the droplet exceeded this maxi-
mum pressure, i.e. when Pin (calculated from the
model) = Pmax.
0.5 0.6 0.7 0.8 0.9 1
e [ms]

2.5 3 3.5 4 4.5
e [ms]

T=600 K

Pmax, T=600 K

T=700 K

Pmax, T=700 K

T=800 K

Pmax, T=800 K

of time for different plasma temperatures (P = 0.3 atm for 40 lm diameter
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2.8. Solution procedure

Comsol Multiphysics� was used to solve the model. The
model consisted of approximately 40,000 elements distrib-
uted in a non-uniform mesh, a higher number of elements
were located at the droplet/crust interface and crust/gas
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Fig. 7. Temperature profile in the droplet and crust (a) and mass fraction profil
1 � 10�4 and 1 � 10�3 s (P = 0.3 atm, T1 = 700 K, ZAr ¼ 0:3=ZO2

¼ 0:7, e = 0
interface. Mesh independent solutions were obtained. Qua-
dratic Lagrange elements were used for all variables, except
pressure in which linear elements were employed. Lagrange
multipliers were used to improve solution convergence
of the boundary conditions. A Heaviside step function
[24] was applied to provide smooth temperature and
15 20 25 30

 crust location [μm]
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concentration profiles as initial conditions in the vicinity of
the droplet/crust interface and crust/gas interface. Heat
and mass transfer equations were solved first, assuming a
zero velocity flow. This provided a better initial solution
estimate for the coupled heat-mass–momentum system at
time zero (t = 0).
3. Model validation

This model was qualitatively validated by comparing
the results obtained to the spray drying of droplets form-
ing precipitated shells. The models available for spray dry-
ing often consider lower gas temperatures and are
operated at atmospheric pressure. Few of these models
even consider the drying of solution droplets surrounded
by a porous crust due to the complexity of solving a three
phase problem. To the authors’ knowledge, the Knudsen
effect has not previously been incorporated so a direct
comparison to the available literature models cannot be
made. However, a receding interface model of the drying
of single drops of slurries of sodium sulfate decahydrate
described by Cheong [25] showed remarkably similar fea-
tures to our present work. These features involved the pre-
cipitation of a solute and crust formation and the
subsequent simultaneous solution of heat, mass and
momentum balance of the evaporating droplet. In
Cheong’s work, it was indicated that the rate of evapora-
tion of a solution droplet before forming a crust increases
with time. When the crust is formed, the evaporation rate
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Fig. 8. Evolution of pressure build-up as a function of time for different initial
Rsp = 20 nm).
sharply decreases but then this rate slowly increases again
with time as more solvent is vaporized.

Hence to validate the model in this work, the results
obtained in previous work [11] were used up to the point
of crust formation, and then the present model was used
from that point onwards. The results are plotted in Fig. 4
for two different plasma gas temperatures.

It can be seen that the evaporation rate sharply
decreases when the crust is formed since the crust prevents
the free flow of evaporating solvent. This rate then
increases over time as a result of the higher thermal con-
ductivity of the crust which increases the heat transferred
to the inner core of the droplet. The trend showed in
Fig. 4 is in agreement with what has been reported
previously in the work by Cheong, thus providing some
re-assurance that the model in this work can adequately
portray the physics of solution droplets surrounded by a
porous shell.

4. Results and discussion

The present model considers the effect of plasma temper-
ature, initial droplet size, surrounding pressure, shell
porosity, size of precipitated crystals and plasma gas com-
position. The solution droplet has reached the point of sat-
uration at the droplet/solid interface (i.e. 	Ws = 0.7). The
porous crust was initially considered to be 0.1 lm thick.
The crust is formed of homogeneously nucleated spherical
crystals a few nanometers in diameter and water vapor.
The initial crust thickness was assumed to be 0.1 lm which
1.5 2 2.5 3
e [ms]

RL=15 um
Pmax, RL=15 um
RL=20 um
Pmax, RL=20 um
RL=25 um
Pmax, RL=25 um

droplet diameters (P = 0.3, T1 = 700 K, ZAr ¼ 0:3=ZO2
¼ 0:7, e = 0.5 and
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is approximately between 2 and 3 times the diameter of 3
spherical crystals. This was considered to be the minimum
crust thickness based on its minimum number of particles
to form liquid bridges. Further solute precipitation was
assumed to form similar spherical crystals too. The simula-
tion was stopped when the pressure at this interface
exceeded the maximum pressure resisted by the porous
shell.
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Fig. 9. Temperature profile in the droplet and crust (a) as a function of radial d
build-up as a function of time (b) for different pressures (T1 = 700 K for 40 l
A summary of the different conditions investigated in
this work is presented in Table 2. The base case conditions
are in bold.

4.1. Effect of plasma temperature

The surrounding plasma temperature was increased
from 600 K to 800 K (T1). The temperature profiles in
15 20 25

d crust location [μm]

1e-4 s, P=0.3 atm

1e-3 s, P=0.3 atm
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Crust boundary
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e [ms]
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istance and pressure at 1 � 10�4 and 1 � 10�3 s and evolution of pressure
m diameter droplets, ZAr ¼ 0:3=ZO2

¼ 0:7, e = 0.5 and Rsp = 20 nm).
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the droplet and porous crust are presented in Fig. 5a and
the salt mass fraction profile in the droplet is shown in
Fig. 5b at different times, 1 � 10�4 and 1 � 10�3 s. There
is a sharp temperature gradient across the porous shell in
all cases. Higher droplet and porous temperatures are
achieved with increasing plasma temperature. The temper-
ature at the centre of the droplet is close to that of the
droplet/crust interface. However, the mass fraction profile
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Fig. 10. Thermal conductivity (a) and crust permeability (b) in the porous cru
pressures (T1 = 700 K for 40 lm diameter droplets, ZAr ¼ 0:3=ZO2

¼ 0:7, e =
of salt in the droplet shows a significant difference between
those two locations and most changes happen relatively
close to the droplet/crust interface. This indicates that heat
transfer occurs much faster than mass transfer, suggesting
that solvent evaporates and the crust grows inwards
increasing its thickness.

The crust/droplet interface recedes faster with increas-
ing temperature as can be seen in Fig. 6a. This phenome-
19.2 19.4 19.6 19.8 20 20.2

radial location [μm]

19.2 19.4 19.6 19.8 20 20.2
radial location [μm]

st as a function of radial distance at 1 � 10�4 and 1 � 10�3 s for different
0.5 and Rsp = 20 nm).
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non is associated with crust growth and continuing solute
precipitation. The pressure at the droplet/crust interface is
plotted in Fig. 6b as a function of time. It can be seen that
higher heat transfer resulting from increasing plasma tem-
perature causes the pressure inside the droplet to reach the
critical ‘‘bursting limit” faster. The maximum pressure
that the droplet can withstand is independent of the
295

300

305

310

315

320

325

330

0 10

Radial droplet an

T
em

p
er

at
u

re
 [

K
]

35000

40000

45000

50000

55000

60000

65000

0 0.5 1 1.5

Tim

P
re

ss
u

re
 [

P
a]

5

Fig. 11. Temperature profile in the droplet and crust (a) as a function of radial
build-up as a function of time (b) for different crust porosities (P = 0.3 a
Rsp = 20 nm).
plasma gas temperature, as this pressure largely depends
on the amount of solvent contained in the liquid bridges,
geometrical considerations and pore size. Solvent surface
tension decreases with increasing temperature, but the
temperature increase is relatively small and thus surface
tension values remain fairly constant at different plasma
temperatures.
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The apparent pressure decrease seen at the initial stages
of Fig. 6b and in some other figures in this work is an arti-
fact of the solution method used to estimate the initial
conditions rather than an indication of the physics of the
problem. Specifically, this is because the boundary condi-
tions are under-relaxed at the droplet/crust interface, to allow
convergence of the solution. This sets the initial pressure
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Fig. 12. Thermal conductivity (a) and crust permeability (b) in the porous cru
porosities (P = 0.3 atm, T1 = 700 K for 40 lm diameter droplets, ZAr ¼ 0:3=Z
slightly higher than originally expected. It must be noted
that this erroneous pressure change is very small and is cor-
rected as the solution progresses in time. The important
point to notice in this type of figure is the intersection of the
pressure lines and the pressure build-up limit lines at the dif-
ferent conditions examined. It may be concluded that the
slight initial pressure artifact is only a minor perturbation.
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4.2. Effect of initial droplet size

The temperature and mass fraction profiles are plotted
for different initial droplet diameters (Fig. 7a and b, respec-
tively). It can clearly be observed that the temperature
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Fig. 13. Temperature profile in the droplet and crust (a) as function of radial
evolution of droplet diameter (b) for different size crystals (P = 0.3 atm, T1 =
inside the droplet and along the porous crust is higher with
smaller droplets. The heat transferred from the surround-
ing gas to the crust and into the droplet increases as drop-
lets decrease in size due to the higher surface to volume
ratio of smaller droplets. Therefore, small droplets are
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700 K for 40 lm diameter droplets, ZAr ¼ 0:3=ZO2

¼ 0:7 and e = 0.5).
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heated up faster than larger ones. The rate of mass transfer
also increases with decreasing droplet size but once again
the mass transfer process is much slower than heat transfer.

As a consequence of the reduced size and higher temper-
atures, it is expected that smaller droplets will build up
pressure at a faster rate. The pressure at the droplet/crust
interface is plotted in Fig. 8. This figure shows that smaller
droplets reach the critical bursting pressure earlier than
large ones. However, smaller droplets also have greater
shell strength, as predicted by Eq. (24). The pressure
build-up at the droplet core seems to outpace this increas-
ing strength and thus even droplets 30 lm in diameter will
burst. The time of droplet bursting is more sensitive to a
change in temperature than it is to a change in droplet size
(Figs. 6b and 8, respectively). This was calculated by taking
the maximum DT/T and DRL/RL ratios using the base case
as reference and comparing these ratios at the correspond-
ing Dt. The results indicate that the droplet bursting time is
approximately 6 times more sensitive to temperature than
it is to droplet size.
4.3. Effect of surrounding pressure

The pressure of the plasma gas was changed from 0.3 to
0.5 atm. The temperature profile inside the droplet is plot-
ted at two different times in Fig. 9a. The pressure at the
droplet/crust interface as a function of time is shown in
Fig. 9b. It can be seen that the temperature in the droplet
increases with increasing pressure. The solvent needs a
higher temperature to evaporate at the higher system pres-
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Fig. 14. Evolution of pressure build-up as a function of time for precipi
ZAr ¼ 0:3=ZO2

¼ 0:7 and e = 0.5).
sure. The droplets subjected to higher pressures tend to
burst slightly faster than those at lower pressures
(Fig. 9b). The salt mass fraction and droplet shrinkage
remain largely unchanged with pressure variations and
thus were not plotted.

The fact that higher pressures favor droplet bursting can
be further explained by analyzing both the thermal conduc-
tivity and crust permeability at different times (Fig. 10a and
b, respectively). The crust thermal conductivity is a combi-
nation of the conductivity of the gas present in the crust
and conductivity of the solid crust material. The solid con-
ductivity is unaffected by pressure but the thermal conduc-
tivity of the gas increases with pressure. Also, the crust
permeability decreases with increasing pressure. This is a
consequence of the Knudsen effect. The mean free path is
dependent on pressure, temperature and viscosity. As pres-
sure increases, the viscosity of the gas decreases causing a
lowering of the permeability of the crust. Consequently,
higher pressures provide slightly higher heat transfer and
lower permeability. This favors solvent evaporation and
also reduces gaseous solvent flow across the porous crust,
hence promoting pressure build-up and crust breakage.
4.4. Effect of shell porosity

The crust porosity was varied from e = 0.4 to 0.6 and
temperature and droplet pressure are plotted in Fig. 11a
and b, respectively. The droplet temperature remains
almost unaltered despite the changing porosity although
a steeper temperature gradient is observed for larger poros-
2.0 2.5 3.0 3.5
e [ms]

Rsp=10 nm

Pmax, Rsp=10 nm

Rsp=20 nm
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tated crystals size (P = 0.3, T1 = 700 K, for 40 lm diameter droplets,
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ities. The pressure at the interface is significantly affected
by larger porosities (Fig. 11b), and the time taken to reach
bursting decreases as the porosity increases.

To further understand these results the thermal conduc-
tivity and permeability of the crust are plotted at different
times in Fig. 12a and b. The thermal conductivity is appre-
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Fig. 15. Temperature profile in the droplet and crust (a) as a function of radial
pressure build-up as a function of time (b) for different gas compositions (P = 0.
ciably affected by the change in porosity. Higher thermal
conductivities are calculated with lower porosity values,
because there is more solid material and the conductivity
of the solid is higher than that of the gas. The permeability
decreases with increasing porosity. This result is counterin-
tuitive but it can be attributed to the Knudsen effect. In this
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model, the Knudnsen number lies in the transition regime
between continuum and molecular flow. In this regime a
change of porosity will not directly affect the permeability
of the porous media. The permeability is more dependent
on temperature and viscosity rather than on the number
of porous channels present in the crust. The smaller poros-
ity directly affects the thermal conductivity which in turn
allows more heat to be transferred across the crust. This
increases both the temperature and viscosity of the gas.
The effect of temperature dominates and thus the perme-
ability increases with decreasing porosity. Finally, as a
result of lower permeability crusts, shells of larger porosity
tend to break faster as solvent can not escape through the
porous media and pressure builds-up.
4.5. Effect of size of precipitated crystals in porous crust

The size of the precipitated spherical crystals forming
the porous crust was varied from 10 to 30 nm in radius
(10 nm < Rsp < 30 nm). The temperature profile inside the
droplet was plotted at different times in Fig. 13a and the
droplet shrinkage was plotted in Fig. 13b. As the size of
the crystals decreases, the temperature inside the droplet
increases. This can be explained by higher pressures at
the droplet/crust interface which result in a higher solvent
evaporation temperature. The pressure increases at the
interface because the flow of solvent across the crust meets
a larger resistance as a consequence of lower permeability
of the crust. In this model the crust pore sizes were assumed
to be of the order of the precipitated crystals. The droplet
shrinkage seems to remain unchanged despite this slight
temperature difference (Fig. 13b) and the salt gradient
inside the droplet was also unaffected.

The crust strength on the other hand is greatly affected
by the crystal size (Fig. 14). The smaller crystals decrease
the pore diameters and allow much less solvent to be pres-
ent in the liquid bridges formed between crystals. As a
result the crust strength is greatly weakened. A simplistic
formula was employed in this model to calculate the crust
strength as a function of crystal radius (Eq. (24)). The
results presented in this model could be refined if a more
detailed and accurate model were to be employed but this
is beyond the scope of this investigation.
4.6. Effect of plasma gas composition

The plasma gas composition was varied by changing the
mole fraction of Ar and O2 in the gas 0:6 < ZO2

< 0:8. The
temperature profile inside the droplet and the pressure at
the droplet/crust interface were plotted in Fig. 15a and b,
respectively. Oxygen rich plasmas have a higher enthalpy
than argon rich plasmas at the same temperature, and thus
can transfer more heat to the evaporating droplet. As a
result, the temperature inside the droplet is slightly higher
than for oxygen rich plasmas. The change of plasma gas
composition seems to have a limited effect on the strength
of porous crust and for all cases the crust burst at very sim-
ilar exposure times, as shown in Fig. 15b.
5. Conclusions

The heat, mass and momentum transfer of an evaporat-
ing droplet surrounded by a crust have been solved. Also, a
simple model has been developed to understand crust
bursting and it has shown that bursting occurs in all cases
within the range analyzed. The plasma temperature, initial
size of the solution droplet and size of the precipitated
spherical crystals played a major role in this process. The
effect of crust porosity on crust strength and crust bursting
shows that crust permeability is the most important prop-
erty. This in turn is closely associated with temperature,
viscosity and pressure. The Knudsen correction has a large
effect on the results obtained because it directly affects the
crust permeability. The time for crust rupture lies in the few
milliseconds range for all cases from the start of the expo-
sure of the droplet with crust to the plasma gas.

The solvent evaporation and subsequent gaseous flow
through the porous crust are largely driven by heat trans-
fer. The flow across the porous crust is dependent on both
heat and momentum transfer, whereas mass transfer is con-
siderably slower than the other two processes.

A simple approximation was used to calculate the
strength of liquid bridges formed at the crust/droplet inter-
face. However, this approximation proved sufficient to
determine a more realistic time of rupture for solution
droplets surrounded by porous crusts than previous models
reported in the literature.
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